
Problem Set

Problems borrowed from the Ein-Gedi Quantum Conference:

https://itaileigh.wixsite.com/quantum-kickoff/copy-of-posters

Solutions are also available there.

Exercises for Ein-Gedi Quantum Conference

1 Model: quantum states, measurements, gates and circuits

Exercise 1 (Distinguishing quantum states).

Let |ψ0⟩ and |ψ1⟩ be one qubit quantum states. If they have large overlap |⟨ψ0|ψ1⟩|, then no
quantum process can distinguish these two states with high probability. Let P be the process
consisting of a measurement in basis (|ϕ0⟩ , |ϕ1⟩), then outputting the label x of the measured sate
|ϕx⟩ as our guess. The effectiveness of state discrimination regarding |ψ0⟩ , |ψ1⟩ can be quantified
by

∆ := |Pr(P (|ψ0⟩) outputs 0)− Pr(P (|ψ1⟩) outputs 0)|

Find a measurement for which

∆ =

√
1− |⟨ψ0|ψ1⟩|2.

(Hint: There is a 2-dimensional space containing |ψ0⟩ and |ψ1⟩. Think which orthonormal basis
would distinguish these two states best. It may be useful to remember the trignometric identity
cos 2x = 2 cos2 x− 1.)

In a future exercise we will show that this strategy is optimal.

Exercise 2 (Quantum states and measurements).

Consider the following maximally entangled state of 2 qubits

|0⟩ ⊗ |1⟩ − |1⟩ ⊗ |0⟩√
2

.

1. Prove that this state is entangled (i.e., it is not a tensor product state |α⟩ ⊗ |β⟩ for any |α⟩
and |β⟩.)

2. Suppose we measure the left qubit in some orthonormal basis |α⟩,
∣∣α⊥〉. What is the proba-

bility for the left qubit to be projected onto |α⟩? What is the state of the right qubit after
the measurement (based on the outcome)?

Exercise 3 (Entanglement and inner product estimation).

Consider the entangled state
|0⟩ ⊗ |α0⟩+ |1⟩ ⊗ |α1⟩√

2

where the left register is a 1-qubit register, the right register is of arbitrary size, and the states |α0⟩
and |α1⟩ are normalized. What is the probability of getting the outcome |+⟩ if we measure the
left register in the |+⟩ , |−⟩ basis (the eigenvectors of the X operator)? Express it as a function of
⟨α0|α1⟩.
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Exercise 4 Elizur-Vaidman’s fireworks.

Recall that we model a working quantum firework using the following circuit:

input

 if outcome = 1

nothing if outcome = 0

A dud is modeled as:
input I

You are given either a dud or a working firework. Your goal is to successfully identify a working
firework (without exploding it). In the lecture, we saw an algorithm which always identifies a dud
as a dud, and it identifies a working firework as such with 1

4 probability.

The goal of this exercise is to increase the success probability for the working firework. Fill in the
details in the following algorithm:

1. Initialize the input qubit to the |0⟩ state.

2. Set θ = ? .

3. Repeat n times:

(a) Apply Rθ =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
to the input qubit.

(b) See if the potential firework lights off when using the qubit as an input. If it does, declare
failure.

4. Measure the qubit in the standard basis. If the outcome is ? , output “definitely a dud”, if

the outcome is ? output “definitely working”.

Prove the following:

• A dud is always identified as a dud.

• A working firework is never identified as a dud, and that it explodes with probability at
most O( 1n) (and therefore identified correctly with probability 1 − O( 1n) ). Hint: Use the
approximation sin(θ) = θ +O(θ2).

Exercise 5 (Amplification for BQP).

Denote by BQPs,c the class of decision problems (languages) L ⊆ {0, 1}∗ for which there are
uniform quantum circuits of polynomial size Cn (for n = |x|) which, upon measuring the first qubit
of Cn |x, 0, . . . , 0⟩ yields 1 with probability p such that if x ∈ L, p ≥ c and if x /∈ L, p ≤ s. In this
exercise we will be showing that for any constants c, d, BQP1/2−n−c,1/2+n−c = BQP

2−nd ,1−2−nd .

1. Show the following version of the Chernoff bound: for m independent and identically dis-
tributed random variablesX1, . . . , Xm, each Bernoulli with success probability Pr[Xi = 1]12+ϵ
(and Pr[Xi = 0] = 1

2 − ϵ), the probability that at most half of them turn out 1 is bounded

by Pr
[∑m

i=1Xi ≤ m
2

]
≤ e−2ϵ2m. [Hint: bound the probability for fixed sequence satisfying the

condition by Pr[X1 = x1, . . . , Xm = xm] ≤ 1
2m (1− 4ϵ2)m/2, then finish with the union bound.

A useful inequality: 1− x ≤ e−x.]
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